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Nonlinear differential equationsIn this paper, the pull-in instability of a cantilever nano-actuator is considered incorporating the inﬂu-
ence of surface effects, the fringing ﬁeld and the Casimir attraction force. The instability parameters of
the actuator are determined analytically under the assumption of a second-degree shape function for
the beam during deﬂection. The inﬂuence of surface effects, the Casimir force and the fringing ﬁeld effects
on the pull-in parameters is investigated. The results demonstrate that the Casimir force decreases the
pull-in deﬂection and voltage, the fringing ﬁeld effects increase the pull-in deﬂection and decrease the
pull-in voltage. The critical value of the surface effect parameter decreases monotonically from g ¼ 4
as the Casimir force parameter increases. In the presence of the Casimir force, the surface effects decrease
the pull-in deﬂection and voltage. For the MEMS model, which neglects the intermolecular forces, the
surface effects do not inﬂuence the pull-in deﬂection, but decrease the pull-in voltage. For freestanding
nanoactuators, the critical values of the tip deﬂection and the Casimir force parameter are obtained, and
the surface effect parameter g decreases linearly with the critical value of the Casimir force parameter.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Beam-type electrostatic actuators have become common com-
ponents in constructing micro-electromechanical system (MEMS)
and nano-electromechanical system (NEMS) (Pelesko and Bern-
stein, 2003). A beam-type actuator is constructed from two con-
ductive electrodes, one is ﬁxed and the other is movable,
separated by a dielectric spacer. A voltage difference between the
two electrodes causes the upper movable electrode to deﬂect to-
wards the ground electrode. At a critical voltage, the movable elec-
trode becomes unstable and pulls-in onto the ground electrode.
The voltage and deﬂection of the actuator at this state are called
the pull-in parameters.
The pull-in behavior of MEMS actuators has been previously
studied in Kuang and Chen (2005) and Lin and Zhao (2008). The
intermolecular forces were neglected in these studies of microme-
chanical actuators on the basis of physical scale.
With recent developments in nanotechnology, many research-
ers have focused on investigation of the effect of intermolecular
forces (Israelachvili, 1992; Mostepanenko and Trunov, 1997;Lamoreaux, 2005; Rodriguez et al., 2011), such as the van der
Waals force and the Casimir force, on the performance of electro-
mechanical actuators for the prospective distances of separation
(Koochi et al., 2010; Ramezani et al., 2007; Lin and Zhao, 2005;
Koochi and Abadyan, 2012; Abadyan et al., 2011; Soroush et al.,
2010; Salekdeh et al., 2012; Beni et al., 2011; Koochi et al., 2012;
Noghrehabadi et al., 2012; Ramezani et al., 2008; Lin and Zhao,
2003; Duan et al., 2013).
A cantilever NEMS actuator is composed of a cantilever beam of
length L with a uniform rectangular cross section of width w and
thickness h, which is suspended over a conductive substrate and
separated by a dielectric spacer; see Fig. 1.
The Casimir interaction is proportional to the inverse fourth
power of the distance of separation. Because the distributed
parameter model of the deﬂection of nano-beams is a boundary va-
lue problem (BVP) for the nonlinear governing equation, obtaining
an analytical solution is difﬁcult. Some researchers have tried to
ﬁnd approximate analytic solutions for this problem. Lin and Zhao
(2003) studied the dynamic behavior of nano-scale electrostatic
actuators by considering the effect of the van der Waals force.
Abadyan et al. (2011), Koochi et al. (2010), Noghrehabadi et al.
(2012) and Duan et al. (2013) applied the Adomian decomposition
method to treat similar models of nonlinear BVPs; see Rach (2012)
and Duan et al. (2012) for a comprehensive bibliography featuring
many new engineering applications and a modern review of the
Fig. 1. Schematic representation of a cantilever actuator: Cantilever beam,
Dielectric spacer, Fixed ground plane.
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ezani et al. (2008) investigated the instability of nanocantilevers by
using the appropriate Green’s function with the assumption of a
second-degree polynomial as the shape function of the beam dur-
ing deﬂection.
The effect of surface energies are very important in modeling a
nano-scale structure due to the large surface area/volume ratio of
the structure. Surface effects can play a crucial role in the pull-in
performance of nano-actuators. Gurtin and Murdoch (1975) have
developed a continuum theory to model both the residual surface
stress and the surface elasticity, which has been applied to investi-
gate the surface effects on elastic behavior of beam-type nano-
structures (He and Lilley, 2008; Wang and Feng, 2009; Fu and
Zhang, 2011). He and Lilley (2008) have studied the static bending
of nano-beams incorporating the surface effects. Wang and Feng
(2009) have investigated the buckling and vibration of nano-beams
considering the effects of surface elasticity and surface residual
stress. Fu and Zhang (2011) have applied a modiﬁed continuum
model to investigate the pull-in behavior of an electrically actuated
double-clamped nano-beam incorporating the surface effects. In
these investigations, the inﬂuence of the Casimir attraction as well
as fringing ﬁeld effects were neglected.
Ma et al. (2010) studied the effects of surface energies and the
Casimir force on the instability parameters of cantilever NEMS
actuators using the homotopy perturbation method. Koochi et al.
(2012) considered similar NEMS models by using the Adomian
decomposition method.
In this work, we consider the distributed parameter model of
the NEMS cantilever actuators incorporating the effects of surface
energy, the Casimir force and the fringing ﬁeld. First we derive
an equivalent integral equation by our systematic method devel-
oped in Duan and Rach (2011), which also applies to other
beam-type actuator geometries, e.g. the electrostatic double canti-
lever NEMS model (Duan et al., 2013). Making use of a second-de-
gree polynomial as the shape function of the beam during
deﬂection, we derive the analytic expressions for tip deﬂection
and pull-in parameters of the beam. The inﬂuence of surface en-
ergy, the Casimir force and fringing ﬁeld effects on the pull-in
instability of electrostatic cantilever nano-actuators is analyzed,
and the trends based on our parametric simulations are reported.2. The governing equation
The governing equation for the distributed parameter model,
based on the Euler–Bernoulli beam assumptions, may be written
as Koochi et al. (2010) and Ramezani et al. (2007)
ðEIÞeff
d4U
dX4
¼ Fs þ Felec þ Fcas; ð1Þ
where U is the deﬂection of the beam, X is the position along the
beam as measured from the clamped end, ðEIÞeff is the effective
bending rigidity of the beam incorporating the surface elasticity ef-fect, Fs; Felec and Fcas are the distributed transverse force resulting
from surface effects, the electrostatic force and Casimir force per
unit length of the beam, respectively.
We note that more complicated beam models were considered
in Ke et al., 2005a and Pugno et al., 2005.
Based on the composite beam theory and the assumption that
the thickness of the surface layer is much smaller than the beam
thickness h, the effective bending rigidity ðEIÞeff for a beam with
rectangular cross section is derived as (Miller and Shenoy, 2000;
He and Lilley, 2008; Wang and Feng, 2009; Jiang and Yan, 2010)
ðEIÞeff ¼ EI þ
1
2
Eswh2; ð2Þ
where E is the corresponding elastic modulus of the material, I is the
area moment of inertia of the beam’s cross section, i.e. I ¼ wh3=12,
and Es is the surface elastic modulus. The distributed transverse
force resulting from surface effects is (He and Lilley, 2008; Wang
and Feng, 2009; Jiang and Yan, 2010)
Fs ¼ 2s0wd
2U
dX2
; ð3Þ
where s0 is the residual surface stress along the beam longitudinal
direction. Eq. (3) indicates that the residual surface stress comes
into effect once the beam is bent with a non-zero curvature.
The ﬁrst-order fringing ﬁeld correction of the electrostatic force
per unit length of the beam is (Gupta, 1997; Huang et al., 2001)
Felec ¼ e0wV
2
2ðg UÞ2
1þ 0:65ðg UÞ
w
 
; ð4Þ
where e0 ¼ 8:854 1012C2N1m2 is the permittivity of vacuum, V
is the applied voltage and g is the original gap between the two
electrodes if there was no deﬂection.
The Casimir force per unit length of the beam is (Koochi et al.,
2010; Lamoreaux, 2005; Noghrehabadi et al., 2012)
Fcas ¼ p
2hvw
240ðg UÞ4
; ð5Þ
where h ¼ 1:055 1034 Js is the reduced Planck’s constant, a mea-
sure of quantum action, and v ¼ 2:998 108 m s1 is the speed of
light.
Substituting Eqs. (3)–(5) into Eq. (1), and introducing the
dimensionless variables u ¼ U=g and x ¼ X=L, we transform the
governing equation to the dimensionless form
d4u
dx4
¼ gd
2u
dx2
þ a
ð1 uðxÞÞ4
þ b
ð1 uðxÞÞ2
þ cb
1 uðxÞ ; 0 < x
< 1; ð6Þ
The dimensionless parameters appearing in Eq. (6) are
g ¼ 2s
0wL2
ðEIÞeff
; a ¼ p
2hvwL4
240g5ðEIÞeff
; b ¼ e0wV
2L4
2g3ðEIÞeff
; c ¼ 0:65g
w
;
ð7Þ
where g;a;b and c are the surface energy parameter, intermolecular
Casimir force parameter, electrostatic force parameter and fringing
ﬁeld parameter, respectively. g ¼ 0; a ¼ 0 and b ¼ 0 correspond to
the cases of free-surface-energy nanoactuators, MEMS microactua-
tors and freestanding nanoactuators, respectively.
For the cantilever NEMS, the boundary conditions are
uð0Þ ¼ 0; u0ð0Þ ¼ 0; ð8Þ
ðgeometrical boundary conditions at the clamped endÞ;
u00ð1Þ ¼ 0; u000ð1Þ ¼ 0; ð9Þ
ðnatural boundary conditions at the free endÞ:
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investigate the pull-in parameters uPItip and b
PI. From Eq. (7), the
pull-in voltage VPI is characterized in terms of the pull-in parame-
ter bPI as
VPI ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2g3ðEIÞeff bPI
e0wL4
s
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Fig. 2. The curves of b versus utip for g ¼ 0 (solid line), g ¼ 0:5 (dot line), g ¼ 1 (dash3. The determination and analysis of the pull-in parameters
First we convert the nonlinear BVP (6)–(9) into an equivalent
nonlinear integral equation by using our systematic method devel-
oped in Duan and Rach (2011). We rewrite Eq. (6) as
L4uðxÞ ¼ gL2uðxÞ þ NuðxÞ; ð11Þ
where
L4ðÞ ¼ d
4
dx4
ðÞ; L2ðÞ ¼ d
2
dx2
ðÞ; NuðxÞ
¼ a
ð1 uðxÞÞ4
þ b
ð1 uðxÞÞ2
þ cb
1 uðxÞ :
Introducing the deﬁnite integral operators L20 ðÞ and L21 ðÞ as de-
ﬁned by the formulas
L20 f ðxÞ ¼
Z x
0
Z x
0
f ðsÞdsdx ¼
Z x
0
ðx sÞf ðsÞds; ð12Þ
L21 f ðxÞ ¼
Z x
1
Z x
1
f ðsÞdsdx ¼
Z x
1
ðx sÞf ðsÞds; ð13Þ
we have
L20 L21 L4uðxÞ ¼ uðxÞ UðxÞ; ð14Þ
where
UðxÞ ¼ uð0Þ þ xu0ð0Þ þ x
2
2
u00ð1Þ þ x
3
6
 x
2
2
 
u000ð1Þ: ð15Þ
Substituting the boundary conditions in Eqs. (8) and (9), we have
UðxÞ ¼ 0: ð16Þ
Hence applying the operator L20 L21 ðÞ to both sides of Eq. (11)
yields the equivalent nonlinear Volterra integral equation as
uðxÞ ¼ gL20 L21 L2uðxÞ þ L20 L21 NuðxÞ: ð17Þ
Setting x ¼ 1 and denoting uð1Þ ¼ utip, we have
utip ¼ g½L20 L21 L2uðxÞx¼1 þ ½L20 L21 NuðxÞx¼1: ð18Þ
The deﬂection of the cantilever beam can be reasonably approx-
imated by the following quadratic function (Ramezani et al., 2007;
Petersen, 1978; Ke et al., 2005b; Ramezani et al., 2008) satisfying
the geometrical boundary conditions (8), i.e. a parabolic arc, as
uðxÞ ¼ utip x2: ð19Þ
Substituting Eq. (19) into Eq. (18) yields
utip ¼ 14gutip þ
Z 1
0
ð1 sÞ
Z 1
s
ðs sÞN ðutip s2Þdsds: ð20Þ
By exchanging the order of integrations in Eq. (20), we obtain
utip ¼ 14gutip þ
1
6
Z 1
0
ð3s2  s3ÞN ðutip s2Þds; ð21Þ
where
Nðutip s2Þ ¼ að1 utip s2Þ4
þ b
ð1 utip s2Þ2
þ cb
1 utip s2 : ð22ÞPerforming the integration in Eq. (21) by MATHEMATICA, we obtain
utip ¼ 14gutip þ
1
576
6ð3aþ 8bð2 5cÞÞ
utip
þ
9ðaþ 8bð1 2cÞÞ log 2ﬃﬃﬃﬃﬃ
utip
p þ1 1
 
u3=2tip
0
BB@

2 39aþ 48bþ ð9aþ 48bÞu2tip  32ðaþ 3bÞutip
 
utip  1
 3 þ 48bðc 1Þ log 1 utip
 
u2tip
1
A; ð23Þ
from which we can solve for the electrostatic force parameter b as
b ¼ aPðutipÞ þ ð4 gÞutip
Qðutip; cÞ ; ð24Þ
where
PðutipÞ ¼
32utip  9u2tip  39
72 1 utip
 3 
log 2
1þ ﬃﬃﬃﬃﬃutipp  1
 
16u3=2tip
 1
8utip
; and Qðutip; cÞ
¼ 2
3 1 utip
 þ ðc 1Þ log 1 utip
 
3u2tip
þ
ð1 2cÞ log 2
1þ ﬃﬃﬃﬃﬃutipp  1
 
2u3=2tip
þ 2 5c
3utip
: ð25Þ
The pull-in parameters uPItip and b
PI are determined by setting
db
dutip
¼ 0; ð26Þ
i.e. when the slope is zero, which is a nonlinear transcendental
equation in utip with the parameters g;a; c. The expression of dbdutip
as calculated by MATHEMATICA is listed in the Appendix.
In order to intuitively observe the variation of utip relying on b,
we specify the typical values a ¼ 0:2 and c ¼ 0:65 for g=w ¼ 1 and
plot the curves of b versus utip for different values of g, which are
displayed in Fig. 2.
The case of a ¼ 0 will be considered in Section 3.1. For now, we
limit a > 0. From Eq. (26), we solve for the surface energy param-
eter g, replace utip by uPItip and denote the obtained expression as
g ¼ gðuPItip;a; cÞ: ð27Þ
In the right hand side of Eq. (24), we replace utip by uPItip and g by the
expression in Eq. (27) to obtain the pull-in parameter bPI,
bPI ¼ bPIðuPItip;a; cÞ: ð28Þline), g ¼ 1:5 (dot-side line) and g ¼ 2 (dot-dot-side line) for a ¼ 0:2 and c ¼ 0:65.
Fig. 3. The curves of (a) uPItip versus g and (b) b
PI versus g for a ¼ 0:2; c ¼ 0:65 (solid line), a ¼ 0:5; c ¼ 0:65 (dash line) and a ¼ 0:8; c ¼ 0:65 (dot line).
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obtain the relation between bPI and g.
For the speciﬁed values of a ¼ 0:2 and c ¼ 0:65; a ¼ 0:5 and
c ¼ 0:65, and a ¼ 0:8 and c ¼ 0:65, respectively, we plot the curves
of the pull-in parameter uPItip versus g using (27) in Fig. 3(a), where
the tip deﬂection pull-in parameter uPItip decreases monotonically as
g increases, and the curves of the pull-in parameter bPI versus g
using (27) and (28) in Fig. 3(b), where the pull-in parameter bPI de-
creases as g increases. Further, through Eqs. (27) and (28), we can
obtain numeric values of the pull-in parameters uPItip and b
PI for dif-
ferent values of g, and list them in Tables 1–3. We remark that the
pull-in parameter bPI decreases nonlinearly as g increases, i.e. in
Fig. 3(b) the curves are not straight, but slightly concave.
For the given values of a and c, the surface energy parameter g
has a critical value g, which guarantees that the pull-in parameter
bPI is positive. We calculate that
g ¼ 3:21 for a ¼ 0:2 and c ¼ 0:65;
g ¼ 2:04 for a ¼ 0:5 and c ¼ 0:65;
g ¼ 0:87 for a ¼ 0:8 and c ¼ 0:65:
We observe that the critical value g decreases monotonically as a
increases.Table 1
The pull-in parameters for different g for a ¼ 0:2 and c ¼ 0:65.
g 0 0.2 0.4 0.6 0.8
uPItip 0.434316 0.431239 0.427904 0.424274 0.4
bPI 0.95493 0.892977 0.83116 0.769496 0.7
g 1.8 2 2.2 2.4 2.6
uPItip 0.392959 0.385199 0.376225 0.36569 0.3
bPI 0.404228 0.344544 0.285399 0.226923 0.1
Table 2
The pull-in parameters for different g for a ¼ 0:5 and c ¼ 0:65.
g 0 0.2 0.4 0.6 0.8 1
uPItip 0.36569 0.360934 0.355807 0.35026 0.344233 0.33
bPI 0.567308 0.509396 0.45186 0.394742 0.338093 0.28
Table 3
The pull-in parameters for different g for a ¼ 0:8 and c ¼ 0:65.
g 0 0.2 0.4 0.6 0.8
uPItip 0.318114 0.312362 0.306174 0.299493 0.292248
bPI 0.231189 0.177421 0.124243 0.0717208 0.0199292Next we consider the relation of the pull-in parameters and g
for the constant parameters a ¼ 0:2 and c ¼ 0;0:5;1, respectively.
Similar to the above analysis, we plot the obtained results in
Fig. 4. The pull-in parameters uPItip and b
PI decrease as g increases.
In addition, the fringing ﬁeld effects increase the cantilever tip
pull-in deﬂection and decrease the pull-in voltage.
In the sequel, we consider two typical special cases, electro-
static microactuators and freestanding nanoactuators.
3.1. Electrostatic microactuators
Neglecting the intermolecular forces leads to the cantilever
actuator model in MEMS. When the effects of the Casimir force
on the actuator are neglected, i.e. setting a ¼ 0, Eq. (24) is simpli-
ﬁed as
b ¼ ð4 gÞutip=Qðutip; cÞ: ð29Þ
We specify the typical value c ¼ 0:65 for g=w ¼ 1 and plot the
curves of b versus utip for different values of g, which are displayed
in Fig. 5.
From Eq. (29), we calculate1 1.2 1.4 1.6
20305 0.415943 0.411124 0.405762 0.399753
08005 0.646711 0.585645 0.524844 0.464352
2.8 3 3.2
5309 0.33765 0.318114 0.292248
69298 0.112789 0.0577971 0.00498231
1.2 1.4 1.6 1.8 2
765 0.330423 0.322436 0.313545 0.303565 0.292248
1972 0.226452 0.171619 0.117581 0.0644698 0.0124558db
dutip
¼ 4 g
Q2ðutip; cÞ
Qðutip; cÞ  utip dQðutip; cÞdutip
	 

:
Hence the pull-in parameter uPItip is independent of the surface en-
ergy parameter g for 0 6 g < 4, only depends on the fringing ﬁeld
parameter c, and is determined by the equality
Fig. 4. The curves of (a) uPItip versus g and (b) b
PI versus g, for a ¼ 0:2; c ¼ 0 (solid line), a ¼ 0:2; c ¼ 0:5 (dash line) and a ¼ 0:2; c ¼ 1 (dot line).
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Solving for c from Eq. (30) and replacing utip by uPItip, we obtain
c¼ cðuPItipÞ¼ 30uPItip
3=2
log
2ﬃﬃﬃﬃﬃﬃﬃ
uPItip
q
þ1
1
0
B@
1
CA
0
B@
þ15uPItip
5=2
log
2ﬃﬃﬃﬃﬃﬃﬃ
uPItip
q
þ1
1
0
B@
1
CA2uPItip2 6log 1uPItip þ13 
þ6uPItip 4log 1uPItip
 
þ3
 
þ15
ﬃﬃﬃﬃﬃﬃﬃ
uPItip
q
log
2ﬃﬃﬃﬃﬃﬃﬃ
uPItip
q
þ1
1
0
B@
1
CA
12log 1uPItip
 
2 uPItip 1
 .
 20uPItip
2þ15uPItip
3=2
log
2ﬃﬃﬃﬃﬃﬃﬃ
uPItip
q
þ1
1
0
B@
1
CA
0
B@
6uPItip log 1uPItip
 
þ4
 
15
ﬃﬃﬃﬃﬃﬃﬃ
uPItip
q
log
2ﬃﬃﬃﬃﬃﬃﬃ
uPItip
q
þ1
1
0
B@
1
CA
þ6log 1uPItip
 
:Fig. 5. The curves of b versus utip for g ¼ 0 (solid line), g ¼ 0:5 (dot line), g ¼ 1 (dash
line), g ¼ 1:5 (dot-side line) and g ¼ 2 (dot-dot-side line) for c ¼ 0:65.
Fig. 6. The curves of (a) uPItip versus g andIn order to compare the case of a ¼ 0 with the case of a > 0 as
displayed in Fig. 3, we take c ¼ 0:65 and calculate that
uPItip ¼ 0:517484; bPI ¼ 0:318578 ð4 gÞ: ð31Þ
In Fig. 6, we plot the curves of the pull-in parameter uPItip and b
PI ver-
sus g. Compared with Fig. 3, the curves degenerate into straight
lines. In addition, the critical value of g reaches its maximum g ¼ 4.
The curve of uPItip versus c is shown in Fig. 7(a). We observe that
the fringing ﬁeld increases the cantilever tip pull-in parameter.
Replacing utip by uPItipand c by the above expression cðuPItipÞ in Eq.
(29) to obtain bPI ¼ FðuPItipÞ ð4 gÞ, then regarding uPItipas a parame-
ter, we obtain the relation of bPI and c and plot the curves of bPI ver-
sus c for different values of g in Fig. 7(b). The effect of the fringing
ﬁeld decreases the pull-in parameter bPI, thus the pull-in voltage
VPI also decreases. Also the surface effects decrease the pull-in volt-
age VPI.
Especially if we neglect the inﬂuence of the fringing ﬁeld, i.e.
setting c ¼ 0, Eq. (29) is considerably simpliﬁed as
b ¼ 6ð4 gÞ 1 utip
 
u3tip
3
ﬃﬃﬃﬃﬃﬃﬃ
utip
p  u3=2tip
 
log 2ﬃﬃﬃﬃﬃ
utip
p þ1 1
 
 2 log 1 utip
 þ 2utip log 1 utip þ 2  ; ð32Þ
from which the pull-in parameters are calculated to be
uPItip ¼ 0:472142; bPI ¼ 0:456853 ð4 gÞ: ð33Þ
Setting g ¼ 0, our result is consistent with that in Ramezani et al.
(2007), where the surface effects were neglected.
3.2. Freestanding nanoactuators
When the gap between the cantilever beam and the ground
plane is small enough, even without an applied voltage, the beam
can collapse onto the ground plane due to the intermolecular
forces. We set b ¼ 0 to study the behavior of a freestanding
nanoactuator.(b) bPI versus g for a ¼ 0; c ¼ 0:65.
Fig. 8. The curves of a versus utip for g ¼ 0 (solid line), g ¼ 0:5 (dot line), g ¼ 1
(dash line), g ¼ 1:5 (dot-side line) and g ¼ 2 (dot-dot-side line).
Fig. 7. The curves of (a) uPItip versus c, and (b) b
PI versus c for g ¼ 0 (solid line), g ¼ 0:9 (dot line), g ¼ 1:8 (dash line), g ¼ 2:7 (dot-side line) and g ¼ 3:6 (dot-dot-side line).
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a ¼ aðutip;gÞ ¼ 144ð4 gÞ utip  1
 3u5=2tip .
24u3=2tip þ 10u5=2tip  18
ﬃﬃﬃﬃﬃﬃﬃ
utip
p þ 9u3tip log 2ﬃﬃﬃﬃﬃﬃﬃutipp þ 1 1
 
27u2tip log
2ﬃﬃﬃﬃﬃﬃﬃ
utip
p þ 1 1
 
þ 27utip log 2ﬃﬃﬃﬃﬃﬃﬃutipp þ 1 1
 
9 log 2ﬃﬃﬃﬃﬃﬃﬃ
utip
p þ 1 1
 
:
The curves of a versus utip for different values of g are plotted in
Fig. 8. The critical values of a and utip are determined by setting
da
dutip
¼ 0, where this derivative is calculated to be
da
dutip
¼ 216ð4gÞ 1utip
 2u3=2tip 62u3=2tip 46u5=2tip þ14u7=2tip
þ30 ﬃﬃﬃﬃﬃﬃﬃutipp þ15u4tip log 2ﬃﬃﬃﬃﬃﬃﬃutipp þ11
 
60u3tip log
2ﬃﬃﬃﬃﬃﬃﬃ
utip
p þ11
 
þ90u2tip log
2ﬃﬃﬃﬃﬃﬃﬃ
utip
p þ11
 
60utip log 2ﬃﬃﬃﬃﬃﬃﬃutipp þ11
 
þ15log 2ﬃﬃﬃﬃﬃﬃﬃ
utip
p þ11
 
24u3=2tip 10u5=2tip þ18
ﬃﬃﬃﬃﬃﬃﬃ
utip
p 9u3tip log 2ﬃﬃﬃﬃﬃﬃﬃutipp þ11
 
þ27u2tip log
2ﬃﬃﬃﬃﬃﬃﬃ
utip
p þ11
 
27utip log 2ﬃﬃﬃﬃﬃﬃﬃutipp þ11
 
þ9log 2ﬃﬃﬃﬃﬃﬃﬃ
utip
p þ11
 2
:
The critical values of a and utip are
utip ¼ 0:2892593; a ¼ 0:25622909 ð4 gÞ: ð34ÞSetting g ¼ 0, our result is consistent with that in Ramezani et al.
(2007).
No solution exists when a is greater than the critical value a,
since the cantilever beam collapses. Therefore, the critical value
a is considered to be crucial in the cantilever design. From Eq.
(34), the surface effects decrease linearly with the critical value
of the Casimir force.
The maximum length of the NEMS structure that does not stick
to the substrate without the application of a voltage is called the
detachment length (Lin and Zhao, 2003), which is a basic design
parameter for NEMS. Alternatively, if the length of the switch is
known, then one can calculate the minimum gap, gmin, between
the beam and the substrate to ensure that the beam does not ad-
here to the substrate.
The detachment length and the minimum gap of the cantilever
beam can be obtained from the critical value a. Substituting a
into the deﬁnition of a in Eq. (7), the detachment length and the
minimum gap are obtained as
Lmax ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
240g5a ðEIÞeff
p2hvw
4
r
; gmin ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2hvwL4
240a ðEIÞeff
5
s
: ð35Þ4. Conclusions
We have considered the distributed parameter model of the
NEMS cantilever actuators incorporating the effects of surface en-
ergy, the Casimir force and the fringing ﬁeld. First we derived an
equivalent nonlinear integral equation by our systematic method
developed in Duan and Rach (2011). Making use of a second-de-
gree polynomial as the shape function of the beam during deﬂec-
tion, we derived the analytic expressions for tip deﬂection and
pull-in parameters of the beam. The inﬂuence of surface energy,
the Casimir force and fringing ﬁeld effects on the pull-in param-
eters of electrostatic cantilever nano-actuators was investigated.
Our results demonstrate that the Casimir force decreases the
pull-in deﬂection and voltage, the fringing ﬁeld effects increase
the pull-in deﬂection and decrease the pull-in voltage. The critical
value of the surface effect parameter decreases monotonically from
g ¼ 4 as the Casimir force parameter increases. In the presence of
the Casimir force, the surface effects decrease the pull-in deﬂection
and voltage. For the MEMS model, which neglects the intermolec-
ular forces, the surface effects do not inﬂuence the pull-in deﬂec-
tion, but decrease the pull-in voltage. For freestanding
nanoactuators, the critical values of the tip deﬂection and the Casi-
mir force parameter were obtained, and we observed that the sur-
face effect parameter g decreases linearly with the critical value of
the Casimir force parameter.
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MATHEMATICA
db
dutip
¼ Numer
Denom
;
whereNumer ¼ 4 10c
utip
þ 2ðc 1Þ log 1 utip
 
u2tip
þ
3ð1 2cÞ log 2ﬃﬃﬃﬃﬃ
utip
p þ1 1
 
u3=2tip
 4
utip  1
0
BB@
1
CCA
 96gþ 8a 9utip  16
 
3 utip  1
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2
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 4 þ 12au2tip 
6a
utip  1
 
u2tip
þ
9a log 2ﬃﬃﬃﬃﬃ
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1
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